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Abstract 



r^ I We construct a correlation functions evolution corresponding to the 

CLc Glauber dynamics in continuum. Existence of the corresponding strongly 

continuous contraction semigroup in a proper Banach space is shown. 

Additionally we prove the existence of the evolution of states and study 
C^ ■ their ergodic properties. 
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1 Introduction 



Among all birth-and-death Markov processes on configuration spaces in con- 
tinuum the Glauber type stochastic dynamics is the object of permanent in- 
■^+ . terest for discovering. These dynamics have the given reversible states which 

C^ ' are grand canonical Gibbs measures. This gives a standard way to construct 

r«^^ , properly associated stationary Markov processes using the corresponding (non- 

t^ ' local) Dirichlet forms related to the considered Markov generators and Gibbs 

measures. These processes describe the equilibrium Glauber dynamics which 
preserve the initial Gibbs state in the time evolution, see, e.g., [13], [H], [T3] . 
[5]. Note that, in applications, the time evolution of initial state is the subject of 
the primary interest. Therefore, we understand the considered stochastic (non- 
equilibrium) dynamics as the evolution of initial distributions for the system. 
C^ ' Actually, the Markov process (provided it exists) itself gives a general technical 

equipment to study this problem. However, we note that the transition from 
the micro-state evolution corresponding to the given initial configuration to the 
macro-state dynamics is the well developed concept in the theory of infinite 
particle systems. This point of view appeared initially in the framework of the 
Hamiltonian dynamics of classical gases, see, e.g., [5]. 
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The study of the non-equihbrium Glauber dynamics needs construction of 
the time evolution for a wider class of initial measures. The lack of the general 
Markov processes techniques for the considered systems makes necessary to 
develop alternative approaches to study the state evolutions in the Glauber 
dynamics. The approach realized in [TT], [T^], [S] is probably the only known 
at the present time. The description of the time evolutions for measures on 
configuration spaces in terms of an infinite system of evolutional equations for 
the corresponding correlation functions was used there. The latter system is a 
Glauber evolution's analog of the famous BBGKY-hierarchy for the Hamiltonian 
dynamics. 

Here we extend constructive approach developed in [S] to correlation func- 
tion evolution of the Glauber dynamics in continuum. We describe a reasonable 
Banach space where the evolution problem can be solved. Moreover, we con- 
struct an explicit approximation by bounded operators of the corresponding 
evolutional semigroup. We prove that functions in this evolution stay corre- 
lation functions of some measures (states) on configuration spaces; this means 
that we show the existence of states evolution. At the end we obtain the ergodic 
properties of the state evolution. 

2 Basic facts and notation 

Let B{W^) be the family of all Borel sets in M'', d > 1; B^iM.'^) denote the system 
of ah bounded sets in B{R'^). 

The configuration space over space M'' consists of all locally finite subsets 
(configurations) of E*^, namely, 



Tra 



{7 CM'' |7nA| <oo, foraU AeSb(K'')}. (2.1) 



The space F is equipped with the vague topology, i.e., the minimal topology for 
which all mappings F 9 7 i-t- X^xg-y •/'(•^) ^ ^ ^^^ continuous for any continuous 
function / on R'^ with compact support; note that the summation in X^xe-y /(■^) 
is taken over only finitely many points of 7 which belong to the support of /. 
In |10j . it was shown that F with the vague topology may be metrizable and it 
becomes a Polish space (i.e., complete separable metric space). Corresponding 
to this topology, Borel ct- algebra B{r) is the smallest cr-algebra for which all 
mappings F37M> |7a| GNq :=NU{0} are measurable for any A £ Bh{R'^)- 
Here 7a := 7 n A, and | • | means the cardinality of a finite set. 

The space of 71-point configurations in an arbitrary Y E B{M.'^) is defined by 



p(n) 



If] CY \7j\ = n\, n e Kf. 



-(") .- f(^^ Ao „ o„f T-(") 



We set also Ty ■= {0}. As a set, Ty may be identify with the symmetrization 
of _ 

F" = {{xi,...,Xn)eY^\xk^Xliik^ ly 



Hence one can introduce the corresponding Borel a-algebra, which we denote 
by B(rY )■ The space of finite configurations in an arbitrary Y G B{R'^) is 
defined by 

To.Y :- U T^yl 

neNo 

This space is equipped with the topology of disjoint unions. Therefore, one can 
introduce the corresponding Borel cr-algebra S(ro,y). In the case of y = R'^ we 
will omit the index Y in the notation, namely, Fq :— Fq jjd, r'"' :— Tj," . 

The restriction of the Lebesgue product measure (da;)" to (r("\ S(r("))) we 
denote by m^"). We set m^") := S^^y The Lebesgue-Poisson measure A on Fq 
is defined by 



A:= 



E;![-*"^- (2-2) 



n 

n=0 



For any A G Sb(IR'^) the restriction of A to Fa := Fo,a will be also denoted 
by A. The space (F, B{T)^ is the projective limits of the family of spaces 
{(Fa,B(Fa))}^ „ ,^<j,. The Poisson measure n on (F,B(F)) is given as the 

projective limit of the family of measures {tt^} AeBbO&'') where tt^ :— e~™^^^A 
is the probability measure on (FA,i3(FA)). Here m(A) is the Lebesgue measure 
of AeSb(K'^). 

For any measurable function / : M.'^' — ;• M we define a Lebesgue-Poisson 
exponent 

ex{f,v)-^l[.f{^), '^^To; ex{f,9):=l. (2.3) 

Then, by ([22]), for / G L\R'^,dx) we obtain ex{f) G L^{ro,dX) and 

ex{f,v)dX{v)=exp\ f f{x)dx]. (2.4) 

A set M G B{To) is called bounded if there exists A G i3b(M'*) and A^ G N 

such that M C Un=o-'^A • ^^ '^^^^ ^^^ ^^^ following classes of functions on Fg: 
L{'g(Fo) is the set of all measurable functions on Fq which have a local support, 
i.e. G G L°^iTo) if there exists A G Bb{R'^) such that G rro\rA= 0; Sbs(Fo) is 
the set of bounded measurable functions with bounded support, i.e. G \ro\B= 
for some bounded B G ;B(Fo). 

Any B(Fo)-measurable function G on Fq, in fact, is a sequence of functions 
{'^^"^InGNo ^^"^^^ '^^"^ ^^ ^ S(F("))-measurable function on F^"). 

On F we consider the set of cylinder functions Jcyi(r). These functions are 
characterized by the following relation: ^(7) = F fpA (ta)- 

There is the following mapping from L°g(Fo) into Tcyi{T), which plays the 
key role in our further considerations: 

KGi^):=J2Giv), 7eF, (2.5) 

?7<S7 



where G € L°g(ro), see, e.g., [HllinillZ]- The summation in (|2.5p is taken over ah 
finite subconfigurations 77 G Fq of the (infinite) configuration 7 e F; we denote 
this, by the symbol, 77 g 7. The mapping K is Hnear, positivity preserving, and 
invertible, with 

if-iF(,7) := ^(-1)I''\«If(0, 77GF0. (2.6) 

Here and in the sequel inclusions like ^ C ?/ hold for ^ = as well as for ^ = 77. 
We denote the restriction of K onto functions on Fq by Kq. 

For any fixed C > 1 we consider the following space of B(Fo)-measurable 
functions 



Cc.= {G:V„^ 



\\G\\c:^J^ |G(77)|Cl''ldA(77)<oo|. (2.7) 



In the sequel, £J3 denotes the set i{!,(Fo) n Cc- The space jCc can be made 
into a Banach space in a standard way; simply taking the quotient space with 
respect to the kernel of || • \\c- To simplify notations, we use the same symbol 
Cc for the corresponding Banach space. 

A measure ^ e A4j^{T) is called locally absolutely continuous with respect 
to (w.r.t. for short) Poisson measure tt if for any A e i3b(M'') the projection of 
yU onto Fa is absolutely continuous w.r.t. projection of tt onto Fa. By [5], in 
this case, there exists a correlation functional fc^ : Fq -^ K+ such that for any 
G S i?bs(ro) the following equality holds 

(ifG)(7)dM(7) = / G{7j)Kiv)d\{v)- (2.8) 



r J To 

Restrictions kfT of this functional on Fq , n G Nq are called correlation func- 
tions of the measure //. Note that fc}j = 1. 

We recall now without a proof the partial case of the well-known technical 
lemma (cf., [151) which plays very important role in our calculations. 



Lemma 2.1. For any measurable function iJ : Fq x Fq x F( 







/ ^iI(?,77\e,77)dA(,7)= / / ff(e,ry,77UC)dA(C)dA(r,) (2.9) 

if only both sides of the equality make sense. 

3 Non-equilibrium Glauber dynamics in contin- 
uum 

Let <j) : M."^ ^ M+ := [0; +00) be an even non-negative function which satisfies 
the following integrability condition 

C^:^ [ (l-e-'^(^))da;<-|-oo (3.1) 



For any 7 G F, a; G K'^ \ 7 we set 

i?*(x,7):=^0(x-y)G[O;^]. (3.2) 

ye-y 

Let us define the (pre-)generator of tlie Glauber dynamics: for any F G 
Jcyi(r) we set 

{LF)i^):=Y,[Fi^\x)-Fi^)] (3.3) 

+ z I [F{-fUx)-F{j)]exp{~E'''{x,-t)}dx, 7 G F. 

Here z > is the activity parameter. Note that for any F G J^;yl(F) there exists 
A G BhO^'^) such that F{"f\x) = ^(7) for any x G 7a <= and F{jUx) = F{-/) for 
any x G A^; note also that exp{— i?'*(a;,7)} < 1; therefore, sum and integral in 
(|3.3p are finite. 

In [S], it was shown that the mapping L :— K^^LK given on _Bbs(ro) by 
the following expression 

iLGM^-MGiv) (3.4) 



V / e-^*("'«)G(CUa;)eA(e-'^("-)-l,7/\0da 



+ z 

is a linear operator on Cc with the dense domain D(L) ~ C2C C Cc- If, 
additionally, 

z < mm{Ce-^^f ; 2Ce~2CC<, | ^ (35) 

then (L, D{L)) is closable linear operator in Cc and its closure (which we denote 
by L also) generates a strongly continuous contraction semigroup T(t) on Cc- 
Let us define d\c '■= C'ldA. The topologically dual space is the space 
(CcY = {L^iTo,dXc))' = L°°(Fo,dAc). The space L°°(Fo,dAc) is isometri- 
cally isomorphic to the Banach space 



K 



c 



{/c:Fo^M fc-C"ll Gi°°(Fo,A)} 



with the norm 1 1 /ell ycc •= IIC* '''fc(-)ll roo/r xs, where the isomorphism is provided 
by the isometry Re 

{CcY Bk^^Rck:=k-C\-\ elCc- (3.6) 

In fact, we may say about a duality between Banach spaces Cc and /Cc, 
which is given by the following expression 

((G, k)) := [ G-kdX, GeCc, kelCc (3.7) 



with 

|((G,fc))|<||G||c-||fc|kc- (3.8) 

It is clear that for any k G ICc 

\k{v)\ < ll^lkc d"! for A-a.a. tj G Tq. (3.9) 

Let (^L' ,D{L')) be an operator in {CcY which is dual to the closed operator 
(^L,D{L)). We consider also its image in ICc under isometry Re, namely, let 
L* = RcL'Rc-i with a domain D{L*) = RcD[L'). Then, for any G € D{L), 
k e D{L*) 

I G-L*kdX^ I G-RcL'Rc-ikd\= f G-L'Rc-ikdXc 

= / LG-Rc-ikdXc^ I LG-kdX, 

therefore, L* is the dual operator to L w.r.t. the duality p.7p . 
By [7], we have the precise form of L* on D{L*): 

{L*k)i7^)=~\rJ\kM (3.10) 

+ z^e-^'(-'''\-) / eA(e-*(--)-l,C)fc((^\x)UOdA(0. 

Under condition p.Sp . we consider the adjoint semigroup T'{t) in (jCc)' 
and its image T*(i) in /Cc- Now, we may apply general results about adjoint 
semigroups (see, e.g., 0]) onto the semigroup T*{t). The last semigroup will 
be weak*-continuous, moreover, weak*-difFerentiable at and L* will be weak*- 
generator of T*{t). Here and below we mean "weak*-properties" w.r.t. duality 
(1X71) . Let 



JCc ^ \ k e K-c 



31im \\f*{t)k - k\\,cc = 0|. (3.11) 



tio 

Then ICc is a closed, weak*-dense, T* (t)-invariant linear subspace of ICc- More- 
over, K-c = D{L*) (the closure is in the norm of ICc)- Let T'^{t) denote the 
restriction of T*{t) onto Banach space ICc- Then T®{t) is a Cp-semigroup on 
ICc and its generator i® will be part of L* , namely. 



D{L®) = h G D{L*) L*k G ^'(i*)} 



and L*k = L®fc for any k G L>(L®). 

And now we consider another T* (i)-invariant subspace. We present, at first, 
the useful subspace in D{L*). 

Proposition 3.1. For any a G (0; 1) the following inclusions hold ICaC C 
D{L*) C D{L*) C ICc- 



Proof. Let a £ (0; 1) and k G JCac then, using (|2.4I) and p.9p . for A-a.a. rj eTq 
we may estimate 



<C"'"'HI|fc||yc„c("^)''' 






2;e») '^o 



^a'"'!^! Mk^c + -^ ll^ll^.c «'"' k/|exp{aCC4 



-1 / 1 



'^°"^ elna \ aC J 

since xa^ < for any a G (0; 1) and x > 0. Using the definition of D(L*) 

e lno; 
and Lemma 12.11 we get immediately the statement of the proposition. D 

Remark 3.2. By the same arguments, the set of all functions k G JCc such that 

|fc(77)|< const .^Cl"!, 77Gro\{0} 

is a subset of D{L*). Due to the elementary inequality a^ < const • x^^ for any 
a G (0; 1), a; > 0, we have that this set contains ICac- But the smaller set ICac 
is more useful for our calculations. 

Proposition 3.3. Suppose that Ii3.5\) is satisfied. Furthermore, we additionally 
assum,e that 

z<Ce-^^f, if CC0<ln2. (3.12) 

Then there exists ao = «o(^j 4'^ C) G (0; 1) such that for any a G [olq] 1) the set 
ICaC is the T* {t) -invariant linear subspace of JCc. 

Proof. Let us consider function f{x) := xe~^, x >Q. It has the following prop- 
erties: / is increasing on [0; 1] from to e~^ and it is asymptotically decreasing 
on [l;+oo) from e^^ to 0; f{x) < f{2x) for x G (0,ln2); x — ln2 is the only 
non-zero solution to f{x) = /(2a;). 

By assumption dis]), zC^ < minjCC^e^c-c^, 2CC0e~2CC^|^ Therefore, if 
CC^e"'^'^* ^ 2CC^e-^^^'*- then ([33]) with necessity implies 

zC^ < e-\ (3.13) 

This inequality remains also true if CC^ — In 2 because of p.l2p . Under condi- 
tion (|3.13l) . the equation f{x) = zC^ has exactly two roots, say, < a;i < 1 < 
X2 < +00. Then, (13.121) implies xi < CC^j, < 2CC^ < X2. 



If CC^ > 1 then we set ao '■— max I i; ^^; ^><1. This yields 2aCC^ > CC^ 

and aCC^ > 1 > xi. If xi < CC^ < 1 then we set ao := max < i; ^^-; ^ > < 1 
that gives 2aCC^ > CC^ and aCC^ > xi. 
As a result, 

xi < aCC^, < CC^ < 2aCC^ < 2CC^ < X2 (3.14) 

and 1 < aC < C < 2aC < 2C. The last inequality shows that £20 C C2aC C 
Cc C Cac- Moreover, by p.l4p . we may prove that the operator {L,C2ac) is 
closable in Cac a-nd its closure is a generator of a contraction semigroup Ta{t) 
on Cac ■ The proof is identical to that in 5 . 

It is easy to see, that Ta{t)G — T{t)G for any G G Cc- Indeed, from 
the construction of the semigroup T(t), see [5], and analogous construction for 
the semigroup Ta{t), we have that there exists family of mappings Pg, S > 
independent of a and C, namely, 

(PsG) (77) :- 5] (1 - Sf\ f {z6f\ G (e U ^) (3.15) 



X 



ye? 



y£v\(. 



such that Pg for any i > strongly converges to T{t) and Ta{t) in Cc and 
CaCj correspondingly, as 5 — )■ 0. Here and below [•] means the entire part of a 
number. Then for any G G Cc C Cac we have that T{t)G G Cc C Cac and 
fa{t)G G £ac and 



\\f{t)G - f^{t)G\U < f{t)G - Pp^G 



aC 



< 



T{t)G-Py^G 



T^{t)G-Pf'^G 
To,{t)G~P^^G 



aC 



0, 



aC 



as (5 -)- 0. Therefore, f{t)G = fa{t)G in C^c (recall that G G Cg) that yields 
f{t)G{ri) = f^{t)G{r]) for A-a.a. 7/ G Tq and, therefore, T(i)G = f^{t)G in £c. 
Note that for any G G £(7 C £^(7 and for any k G /Cac C /Cc we have 
fa{t)G G /:ac and 

'%{t)G,k\ ^ {{G,f:{t)k) 



where, by construction, T*(t)k G ICac- But G G Cc, k G /Cc implies 
[f^it)G,k)) ^ {{f{t)G,k)) = ((G,r*(i)fc) 

Hence, T*{t)k — T*{t)k G /CqC fc G /CaC that proves the statement. 



D 



Remark 3.4. As a result, p.Sp implies that for any /cq G D{L*) the Cauchy 
problem in /Cc 

9^^* " ^*^* (3.16) 



has a unique mild solution: kt = f*{t)ko = T®(i)fco e D{L*). Moreover, 
/co G K-ac implies kt G /Cqc provided p.l2p is satisfied. 

Remark 3.5. The Cauchy problem p.l6p is well-posed in ICc = D{L*), i.e., for 
every kg G D{L®) there exists a unique solution kt £ ICc of p.l6p . 

Let p.Sp and (|3.12l) be satisfied and let ao be chosen as in the proof of 
Proposition 13.31 and fixed. Suppose that a G (ao;l). Then, Propositions 13.11 



and 13.31 imply JCaC C D{L*) and the Banach subspace ICac is T*{t)- and, 
therefore, r®(i)-invariant due to the continuity of these operators. 

Let now T'^°'{t) be the restriction of the strongly continuous semigroup T® (t) 
onto the closed linear subspace ICac- By general result (see, e.g., [5), T®°'{t) 
is a strongly continuous semigroups on ICac with generator L®" which is the 
restriction of the operator L® . Namely, 

D(L'^")^{keiQ:^\L*keic;::3}, (3.17) 

and 

L®°'k = L®k = L*k, kGD{L®") (3.18) 

Since T{t) is a contraction semigroup on £(7, then, T'{t) is also a contraction 
semigroup on (Cc)'', but isomorphism p.6p is isometrical, therefore, T*{t) is a 
contraction semigroup on ICc- As a result, its restriction T'^°'{t) is a contraction 
semigroup on ICaC- Note also, that by p.l7p . 



DaC := i A: e ICac 



L*k G /C, 



aC 



is a core for L®" in /Cqc- 

By (|3.15p . for any k e /Cqc, G G -Bbs(ro) we have 



{PsG){v)k{rj)dX{rj) 



g--E*(y,") 



= /■ ^(1-<5)I«I /■ (z5)l-lG(CUc.)n 
X Jl (e-^*(^^")-l]dA(w)fc(?7)dA(?7) 

:/ / (l-<5)l«l/ (z<5)l"lG(fUc.)ne-^'^^'"^ 

JTo ■/To v/To g^ 

X Yl (e-^'^^y^'^'^ - 1) dX (uj) fc (77 U e) dA (0 d\ (77) 



:/ / 5:(i-5)|«\-|(z5)|-ig(o n 

"'To JFo ^^^ yei\u. 

n (e-^'(^^"' - 1) fc (^ U a ^) rfA (0 dA iv) .. 



therefore, 



(i^;fc)w = E(i-'^)"^"'(^'5)'"' n 



-E't'{y,u:) 



(3.19) 



i^C'ri 



yeri\u 



I \{(e-''"^y'-^-l)k{iyjri\u)dX{0^ 



Proposition 3.6. Suppose that p.Sp and (I3.12p are fulfilled. Then, for any 
k £ Dac o.nd a G (ao, 1), where ag is chosen as in the proof of Proposition^ 



lim 



:(P;-l)fc-i®"fc 



= 0. 



(3.20) 



Proof. Let us recall p.lOp and define 

(F;'(°)fc)(ry)=(l-5)l"lfc(r;); 



{Pt^^h) (ry) = z<5 E (1 - -J)!"!-^ e^ (e-^^^-), 77 \ ^) 

(e-*(— )-l,e)fc(eUr;\x)dA(0; 



a;677 



'ro 

and p;''-'' = p; - p;'(°) - p;'''' 



We will use the following elementary inequality, for any n G NU{0}, 5 G (0; 1) 



< n- 



<(5- 



(5 -"2 

Then, for any fc G /Cqc ^-nd A-a.a. 7; G Fg, 77 ^ 



C-l'-?! 



,(0) 



-(p;j^-]i)M^) + Hfc(^) 



< ll^lk„c" 



'?l 



1^1 



l-(l-(5)l"l 



<2l|fc|k.c«"''M(H-l) (3.21) 



and the function a^x{x — 1) is bounded for a; > 1, a G (0; 1). Next, for any 
A; G K.aC and A-a.a. 77 G To, 77 ^ 



C-kl 



<l|fc|k„e^« 



ip;-Wfc('7)-^E/ eA(e-^(^-),77\x) 
xeA(e-*("-'-l,C)fc(eU77\a;)dA(0 



(^-) 



xEr; 



L)-e)rfA(e) 



< ll^lk^c^"'"' E(l - (1 - '^)""~') exp{aC7C4 



xEr; 



< lklk„c^«'''''5|77|(|7,| - l)exp {aCC4. 



(3.22) 



10 



which is small in S uniformly by |77|. Now, using inequality 



1 - H e-^(--y) < 5] (l - e-^(--^)) , 



1 _ p-s*(y,^) 
we obtain 



ic-l"! Y. (l-<5)'''\"'(z5)l'^leA(e-^'(--),77\w) 



|lj|>2 



,qmurj\u;)\d\{0 
= l|fc|k„c«l''l^ E (l-'^)'"^"' ( ^exp{aCC,}) ; 

|a)|>2 

recall that a > ao, therefore, zexplaCC^} < aC, and one may continue 

|w|>2 



^1-2 



,^2^!(h|-fc)! 



Z'i' n _A^t')t-fc-2Afc 






hl-a 



(hi -2)! 



iifcik.o^«"" I.I M - 1) E r.^.i,L-l-.. (1 - ^)"""'" ^'^ 

k=0 

WI-2 



^^^ (fc + 2)!(|r;|-A:-2)! 



< ii^ik.c^«"" ki (ki - 1) E „(f|;'"f 2v (^ - ')"""" '" 

= ||fc|k„^foHH(H-l). (3.23) 

Combining inequalities ((3?2T1) - ((3?23l) we obtain ((3?20)) . D 

We recall now well-known approximation result (cf., e.g., [4l Theorem 6.5]) 

Lemma 3.7. Let L,Ln, n £N be Banach spaces, and Pn '■ L — >■ L„ he bounded 
linear transformation, such that sup„ |kri|| < co- For any n G N, let r„ be 
a linear contraction on L„, let e„ > &e such that lim„_^oo ^n ~ 0, anrf pwi 
A„ = e~^{Tn — 1). iet Tt be a strongly continuous contraction semigroup on L 
with generator A and let D be a core for A. Then the following are equivalent: 

1. For each f E L, ||Ti*/^"lp„/ ~ p„Ttf\\Lr. -^ 0, n ^ oo for all t > 
uniformly on bounded intervals. Here and below [ ■ ] mean the entire part 
of a real number. 



11 



2. For each f G D, there exists fn G Ln for each n G N such that 

Wfn -Pn/||L„ -^ and \\Anfn - PnAf\\L„ -^ , n ^ oo . 

Theorem 3.8. Let ao be chosen as in the proof of the Provosition \3.3\ and be 
fixed. Let a G (ao; 1) and k G /Cqc &e given. Then 



in the space Kac with norm \\ ■ \\icc for all t > uniformly on bounded intervals. 
Proof. We may apply Proposition 13.61 to use Lemma 13.71 in the case Ln = L = 



CaC, Pn = 1, /n = / = k, En = ^ ^ 0, n G N. D 



4 Positive definiteness 

Definition 4.1. A measurable function fc : Fq ^ M is called a positive defined 
function (cf. [HIIT]) if for any G G Ll(Ta) such that KG>0 and G e Cc for 
some C > 1 the following inequality holds 

G (77) k (77) d\ (77) > 0. 

In [inillZIj it was shown that if A; is a positive defined function and |A;(77)| < 
Cl''l(|?7|!)^, 77 G To then there exists a unique measure fi G Ml^^{r) such that 
fc = fc^ be its correlation functional in the sense of (|2.8I) . Our aim is to show 
that the evolution k 1— )■ T®fc preserves the property of the positive definiteness. 



Theorem 4.2. Let p. 51) holds and k G D{L*) C K-c be a positive defined 

function. Then kt :— T^k G D{L*) C /Cc will be a positive defined function for 
any t > 0. 

Proof. Let C > be arbitrary and fixed. For any G G >CjS we have 



G (77) h iv) d\ iv) - / (TtG) (77) k (77) dX (77) . (4.1) 

JTo 

By [5l Proposition 3.10], under condition (|3.5I) . we obtain that 

7l"*l]lr. G(7,) - Ir. (77)(f,G) (77) Gl''ldA(r;) = 0, 



lim 

n-fC 

where for 77 > 2 



"^° 'rA„ 



Ti _ pA,, 



and A„ /^ M.'^. Note that, by the dominated convergence theorem, 

(TtG) (rj) k (77) d\ (77) = lim / lr,„ (77) (ftG) (77) k (77) dA (77) 

i -^i 

= lim / (TtG) (77) fc (77) dA (77). 
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Next, 



< 

/Fa 
<l|fc|k 

Therefore, 



(TtG) iv) k {r,) d\ {ri) - / TJ"*! lr,„ G (fj) k (r^) dX (r;) 
rA„ Jta^ 



rifl Ir,,^ G (77) - ar,„ ivKTtG) (n) k (,7) dX (77) 



rA„ 



T["*llr. G(ry)-lLr. (r;)(f,G)(r;) Cl"ldA (77) ^ 0, n ^ 00 



(f,G) (ry) A: (,7) dA (77) - lim / T,!''*! Ir^,. G (rj) k (77) dA (77) . (4.2) 

T^ n— >-oo /t^ 

Our aim is to show that for any G € £p the inequality KG > imphes 

G (77) kt (77) dA (77) > 0. 

By (|4.1I) and (|4.2p . it is enough to show that for any 777 G N and for any G G £p 
such that KG > the foUowing inequahty holds 

lrA„r^'lrA,.G(77)fc(77)dA(77)>0, m e Nq. (4.3) 

The inequality (031) is fulfilled if only 

Klr.^T^Gn > 0, (4.4) 

where G„ := Ita G. Note that 

(if lrA„ T™G„) (7) - E ^^A. ('^) (^"G") (^) (4-5) 

= 5] (y™G„) (77) ^ (if T,rG„) (7A J 

'?C7A„ 

for any 777, G Nq. In particular, 

(KGn) (7) - (i^arA„ G) (7) = (if G) (7A„ ) > 0. (4.6) 

Let us now consider any G G £p (stress that G is not necessary equal to 
outside of Fa^) and suppose that (KG) (7) > for any 7 G Fa^. Then 



(ifr„G) (7aJ = (KPtG) (7aJ = (PtKG) (7aJ 

^(H^<.o)-'Ea)'"(-^)™ 



(4.7) 



';C7A„ 



rA„ 



hi 



JJ^ e-is*(y,7) ^xG) ((7A„ \ 7/) U Lj)dX (w) > 0. 
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By (g^, setting G ^ Gn € C^c ""^ obtain, because of dUT]), KT^Gn > 0. Next, 
setting G = T^Gn G jC-c we obtain, by (gJl), KT'^G^ > 0. Then, using an 
induction mechanism, we obtain that 



(XT;"G„) (7A J > 0, me No, 
that, by (|01) and (|T5)) . yields (|i3)) . This completes the proof. 

5 Ergodicity 



n 



Let k e /Cac be such that fc(0) = then, by ([SlQ]) . (P/fc) (0) = 0. Class of all 
such functions we denote by /C„ . 

Proposition 5.1. Assume that there exists v G (0; 1) such that 

z < min|^/Ce"^^^ 2Ge^^^^A. (5.1) 

Let, additionally, a G (ao; 1), where ao *s chosen as in the proof of the Propo- 
sition [373[ Then for any S G (0; 1) the following estimate holds 



Ps*\k'^ <1-{1~^)S. (5.2) 

Proof. It is easily seen that for any k G /C" the following inequality holds 

|fc(?7)l < l|»,|>ol|fc|lKc<^''''' A-a.a. ?7Gro. 
Then, using p.l9p . we have 

C-l^"l|(P;fc)(ry) 

= lifeline E (1 - ^)"''^' (5) '"' / n (i - ^""^'^"^0 ^'"^^ (^) 

+ ll^-II^Ce (^) '" /^ n (l - ^-"'^^'"0 C'^IOorfA (0 

= lifeline E (1 - ^)"""' (#) "'' / n (i - ^""^'^""0 ^'"'^^ (^) 



'yeC 
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<llfcl 



<llfcl 



<llfcl 

= llfcl 
<llfcl 
= llfcl 






/Cc 



^11.. (^'^ 



,|:a-,-(g)"exp{c/jl -.--))..} 



^Il^c ( ^ 



^■^M 



^^^(1_,)I.VI(^ 



u>Cri 



A 



exp{CC/3|w|}-||fc|| 






Kc I c 



K.C 



5:(i-<5)i"\-iMi"i-iifcii 



u>Cri 



z5 
Kc \-c 



M 



K.C 



Kc 



K.C 



(l-(l--)'5)'"'-(^^ 

i-(i--)^-^)'E(i-(i--)'5)"'i-^-|^|(g 

1-(1-J/)^ 



c/ -^ \c 



-^^i-M) 



<5\i';i 



C J 1 






1- 






<l|fc|lK;c(l-(l-^)^)' 



where we have used that, clearly, z < vC < C. The statement is proved. D 

Remark 5.2. Condition (|5.ip is equivalent to (I3.5P and p. 121) . 
Suppose that (cf. ((XISl)) 

zC^ < (2e)-\ (5.3) 

then (see, e.g., [5] for details) there exists a Gibbs measure fi on (F, ;B(r)) cor- 
responding to the potential </> > and activity parameter z. We denote the 
corresponding correlation function by k^. The measure n is reversible (sym- 
metrizing) for the operator defined by p.3p (see, e.g., [B], [13]). Therefore, for 
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any F e KBi,,(To) 



J LF{^)dti{j) 



0. 



(5.4) 



Theorem 5.3. Let ()5.3p and ()5.ip hold and let a G (ao; 1); where oq is chosen 
as in the proof of Provosition lKM Let kg £ /CqC; ^t = T®"(i)fco- Then for any 
t >0 

\\kt - k^WKc < e-^'^'^'Wh ^ kj^c- (5.5) 



Proof. First of all, let us note that for any a G (ao;l) the mcquality p.l4p 
implies z < aC exp{—aCC^}. Hence fc^(?]) < (aC)'''', ry G Fg. Therefore, 
/cm e JCac C lC^r\D{L*). By ([511), for any G G Sbs(Fo) we have ((XG, fc^)) = 0. 
It means that L*k^ , ^ . Therefore, L®"fc^ = 0. As a resuh, f'^"{t)kf, = A:^. 
Let ro = ko — kfj^ ^ ICac- Then tq G /C^ and 

Ifc. -fcJIr. = llf ®"(i)ror 



< 



< 



^mIIKc 



(i^;)^"Vo 



1^0 



l/Cc 



f0"(t)ro-(P;)^ 



-1 



r«"(i)ro 



<(l-(l-j/)5)^ l|r-o|kc + 



r®"(t)ro 



1.. 


/Cc 




A-)'''--o 


Kc 




(P;)N 


lr„ 



ICc 



since < 1 - (1 - i^)(5 < 1 and | < [|] + 1- Taking the limit as (5 J, in the 
right hand side of this inequality we obtain (|5.5p . D 
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